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Abstract: The power quality problems are more and more serious in the power system. The harmonics and the three-phase 

imbalance have a greater impact on the line loss of power grid. We focus on the power losses in cables and transformers with 

unbalanced load in current harmonics basing on the equivalent resistance method. The impact caused by the skin effect is 

illustrated in order to enhance the accuracy of the theoretical calculation. For this purpose, a mathematical development that 

takes in account the presence of current harmonic components and unbalanced load in the losses calculation is presented. The 

reliability of the method is verified in a simulation model. According to the comparative analysis between the simulation and the 

proposed method, we can conclude that the harmonic resistance calculation method considering skin effect is more accurate than 

the traditional method. The results show that the additional loss caused by the harmonics has a nonlinear relation with the 

harmonic currents. At the same time, the additional loss of distribution network under compound disturbance with unbalanced 

load in current harmonics is studied. Compared with the cases that two phase load are heavy and one phase load is light or one 

phase load is heavy and other two phase load are light, when one phase load is heavy, one phase load is light and one phase load 

is the average value of the others, the additional loss of the system is the least one. The additional loss for the case with that two 

phase load are heavy and one phase load is light is the biggest one. 

Keywords: Power Losses, Skin Effect, Harmonics, Unbalanced Load 

 

1. Introduction 

With the continuous improvement of economic level, the 

dependence of people's production and life on power is also 

growing [1]. At the same time, higher requirements are put 

forward for power quality. For the three-phase four-wire 

low-voltage distribution network to be studied in this paper, 

the power quality problem is mainly caused by the application 

of a large number of nonlinear power electronic loads. Among 

the usual power quality problems, the harmonics and the 

three-phase imbalance have a greater impact on the line loss of 

power grid [2]. In view of the above situation, a large number 

of scholars put forward their own opinions on the loss 

calculation and management of low voltage distribution 

network under harmonic and three-phase unbalanced 

disturbances. The author derived the calculation method of 

theoretical line loss under unbalanced phase angle and 

amplitude in the reference [3]. Reference [4] showed the study 

of the low-voltage distribution network under the composite 

disturbance of harmonic and three-phase unbalance, and 

verified the proposed decoupling idea for composite power 

quality disturbance through theoretical analysis and 

simulation. Reference [5] compared and analyzed the line loss 

of distribution network under composite power quality 

disturbance with that under single power quality disturbance, 

and proposed that three-phase aggravated the harmonic loss. 

Reference [6] studied the loss of lines and transformers under 

harmonic disturbance from an economic point of view, and 

proposed that the line loss caused by harmonic disturbance 

must be compensated. Reference [7] compared and analyzed 

the harmonic loss of distribution network under three-phase 

unbalanced and three-phase balanced conditions, and 

proposed that under three-phase unbalanced conditions, the 

increase of harmonic loss mainly came from the neutral line. 

The harmonic currents due to electric vehicles charging are 

studied [8]. The extensive employment of nonlinear loads and 
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large-scale grid connected distributed grid units has led to 

considerably distorted voltages and currents in the distribution 

systems [9, 10]. Accordingly, in the recent studies [11, 12], the 

harmonic distortion limits have been considered. The 

calculation method of the additional losses of the transmission 

line and the transformer in three-phase imbalance is derived 

theoretically, and the loss caused by the harmonic current is 

not considered [13]. 

Based on the above analysis, the analysis of harmonic loss 

of distribution network is mainly based on the equivalent 

resistance method, the main problem is that it only considers 

the fundamental wave and ignores the influence of skin effect 

on harmonic resistance under nonlinear load. The research in 

references [14, 15] showed that when harmonics exist, the 

increase of line resistance caused by skin effect has a great 

influence on line loss. To sum up, after studying the influence 

of skin effect on line resistance, we propose a calculation 

method to get the harmonic resistance, and verify that the 

calculation method has high reliability under single power 

quality disturbance and composite power quality disturbance. 

Based on the method in this paper, the additional loss of the 

distribution network under the composite power quality 

disturbance such as the unbalanced load and the current 

harmonics can be accurately calculated. The calculated results 

are verified by the simulation. 

2. Calculation and Analysis of Losses of 

Transformer and Cable Under 

Harmonic Currents 

2.1. Derivation of Conductor Resistance Under Harmonic 

Currents 

Usually, a conductor can be represented as a pure 

resistance which consumes the electricity energy, as shown 

in Figure 1. The losses due to harmonic currents are basically 

proportional to the square of the current. However, one 

should also consider the resistance increase with the 

frequency due to the skin effects of conductors. In order to 

study the variation mechanism of harmonic resistance, it is 

first necessary to study the distribution of current density in 

the conductor [16]. 

 

Figure 1. Current flowing through a cable. 

For the electromagnetic fields that in conductors with low 

frequency currents, the internal electromagnetic fields change 

slowly with time, so the effect of the rate of change of electric 

flux density in Maxwell's equations is ignored, and the 

Maxwell's equations are simplified. Therefore, we have 
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where H is magnetic field intensity, γ  is conductivity, E is 

electric field intensity, B is magnetic flux density and D is 

electric displacement. 

It can be obtained from the equations above, 
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in which µ  is permeability of vacuum. Its plural form is 
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                (3) 

Here ω  is angular frequency electromagnetic wave. 

Assume that 
1
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which hδ  is skin depth under the harmonic whose order is h; 

0
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= = . ω0 is the angular frequency of the 

fundamental wave. Then the equation above could be written 

as
2 2E m E

⋅ ⋅
∇ = . 

We can solve from the equations above that 
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            (4) 

Assume that the radius of the circular conductor is 0r and 

the direction of current is perpendicular to the cross section of 

circular conductor as shown in Figure 1. Then the current 

density function is only related to the conductor radius and it 

could be written as ( )J r
⋅

. Because ( )J r Eγ
⋅ ⋅

= , therefore, 

electric field intensity is also a function of conductor radius, 

could be written as ( )E r
⋅

. 

Establish boundary conditions: the electric field intensity of 

conductor surface is 0Eɺ , while 0 0 0( ) ( )E r E r E= − =ɺ ɺ ɺ , the 

following equation will be obtained after we substitute it into 

the equation above: 
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Because 0 0J Eγ
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= , then the current density function in the 
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By calculating the complex modulus, the current density 

amplitude can be obtained 
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As the equation above is too complex for practical 

application, it needs to be reasonably simplified. Suppose the 

conductor is a semi-infinite plane conductor, 0r → ∞ ,
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compared with 
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( ) 0J r ≈ , which means we can ignore the influence of 
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. Therefore, the current density amplitude of the 

conductor can be obtained by simplified calculation as 
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If the conductor is treated as a cylinder, the current passing 

through it is 
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The current density of the harmonic on the surface of the 

conductor can be obtained as 
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The thermal power generated per unit length of wire can be 

written as 
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where ρ is resistivity of the conductor. 

The unit length resistance of conductor under harmonic is: 
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In order to represent the harmonic resistance values 

conveniently under different harmonics, the amplification 

coefficient of harmonic resistance has been proposed as hk . 

h
1

hR
k

R
=                 (13) 

where R1 is resistance value of unit length conductor under 

fundamental current. 

Therefore, the harmonic resistance calculation formula is 

h 1hR Lk R=                (14) 

where Rh is the resistance value of full-length conductor under 

the harmonic wave while h is the order of harmonic current; L 

is the length of the wire. 

2.2. Additional Losses of Transformer and Cable Under 

Harmonics 

Since the influence of power quality disturbance on 

transformer iron loss is relatively small and can be ignored, we 

only study the additional copper loss of transformer. Therefore, 

the equivalent circuit of low voltage distribution network can 

be expressed in Figure 2 below. 

Since the low voltage distribution network contains 

multiple harmonic, according to the derivation above, the 

additional loss calculation formula of cable and transformer 

under harmonic disturbance can be obtained respectively: 
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where h,PLR is the equivalent phase cable resistance under h 

order harmonics; ,h NLR is the equivalent neutral cable 

resistance under harmonic; ,h PLI is the phase cable harmonic 

currents; ,h NLI is the harmonic current of neutral cable. 
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where ,h TR is the equivalent resistance under harmonic of 

transformer winding and hI is the harmonic currents flowing 

through the transformer. The total additional loss caused by 

the harmonics can be written as 
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Figure 2. Equivalent model of low-voltage distribution network under power 

quality disturbance. 

2.3. Simulation Verification and Comparative Analysis 

The basic idea of traditional equivalent resistance method is 

to assume an equivalent line resistance Req at the beginning of 

distribution line. Thus, the total loss of the distribution 

network is caused by the equivalent resistance and the total 

current flowing into the distribution network. 

Table 1. System parameters of the simulation model. 

system elements parameters 

Rated voltage of voltage source 10 kV 

Rated capacity of voltage source 25 MVA 

Transformer rated capacity 315 kVA 

Transformer resistance unit value 0.2 p.u 

Cable and neutral cable resistance 1Ω 

Rated voltage with load 220V 

Load rated capacity 20 kVA 

In order to verify the feasibility of the harmonic resistance 

calculation method based on the principle of engineering 

electromagnetic field derived in this paper, and to study the 

additional loss characteristics of transformer and cable under 

harmonic disturbance, a three-phase four-wire low-voltage 

distribution network model is built in MATLAB software for 

simulation verification and comparative analysis. 

When the harmonic current is injected into the load side of 

the model, and additional losses due to harmonic disturbance 

will be generated on the cables and the transformer. We 

consider there are just third and fifth harmonic currents except 

the fundamental current in the system. According to the 

definition that 
2

1

2

( / )h

h

THD I I

∞

=

= ∑ , the total harmonic 

distortion rate is the ratio of the mean square root of all 

harmonic content to the mean square root of fundamental 

wave. Therefore, we can use the total harmonic distortion rate 

to characterize the change of harmonic content in the system. 

By controlling the variables, only the total harmonic distortion 

rate of the system is changed. The curves of the additional loss 

of the system obtained by simulation and two calculation 

methods with the total harmonic distortion rate are recorded 

respectively. The value obtained by simulation is compared 

with the theoretical value of additional loss obtained by the 

harmonic resistance calculation method proposed in this paper 

and the theoretical value of additional loss obtained by the 

equivalent resistance method. The results for additional losses 

of transformers and cables are shown in Figures 3 and 4 

respectively. Figure 4 shows the additional losses of 

transformers under third and fifth harmonic currents using 

simulation result. According to the comparative analysis of 

the graphical results, it can be verified that under the same 

conditions, the results obtained by the method proposed in this 

paper are closer to the simulation results, indicating that the 

method proposed in this paper has higher reliability. 

In order to further study the influence of each harmonic on 

the additional loss of distribution network under harmonic 

disturbance, maintain three-phase load balance and contain 

only three or five harmonics, additional loss of low voltage 

distribution network are recorded as shown in Figure 5. 

According to the definition that 2
1( / )h hHRI I I= , the 

harmonic content rate refers to the ratio of the mean square 

root value of the harmonic current to the mean square root 

value of the fundamental current. Therefore, the harmonic 

content rate of the third or fifth gradually changed, that is, the 

size of the harmonic current flowing through the system is 

changed. The additional losses of low-voltage distribution 

network caused by third and fifth harmonics under the same 

harmonic content are compared. According to the results 

shown in the Figure 5, the higher the harmonic content rate, 

the greater the total additional loss generated in the 

distribution network. Meanwhile, the higher the harmonic 

frequency is, the greater the additional loss is. It is further 

verified that the skin effect caused by higher harmonics will 

increase the cable impedance. 

 

Figure 3. Comparison of additional losses of transformers under third and fifth harmonic disturbances. 
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Figure 4. Comparison of additional losses of cable under 3 and 5 harmonic disturbances. 

 

Figure 5. Analysis of influence of third and fifth harmonics on additional loss of distribution network under harmonic disturbance. 

3. Simulation Verification and Analysis of 

Losses of Cable and Transformer 

Under Composite Disturbance 

3.1. Calculation Method of Additional Losses of Cable and 

Transformer Under Composite Disturbance 

In order to verify the general applicability of the proposed 

harmonic resistance calculation method, it is necessary to 

verify that it is still reliable under various complex 

disturbances. Therefore, the calculation formula of the 

additional loss of the distribution network under the composite 

power quality disturbance with harmonic and three-phase 

imbalance is derived. Three-phase unbalance here mainly 

refers to three-phase load unbalance. 

When there is no harmonic flow in the low-voltage 

distribution network and the three-phase load is balanced, the 

cable loss is as follows: 

2
, , 1,3B L B PL PLP I R=              (18) 

where ,B PLI is three-phase balanced phase cable current value 

and ,F PLR is phase cable resistance under fundamental wave. 

In case of three-phase unbalance, the loss on the cable is: 
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where, avI is the mean value of three - phase current; Aβ , Bβ , 

Cβ is the unbalance of three phase current; , ,a b cφ φ φ is phase 

angle of three phase current. 

For the three-phase four-wire system, when the three-phase 

unbalance occurs in the system, there is a current flowing 

through the neutral cable, and the current magnitude is: 

,  
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Define: 
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Then the current flowing through the cable neutral cable 

can be written as: 

, ( )UB NL avI a jb I= +ɺ           (23) 

The loss on the neutral cable is: 

2 2 2 2
, , , ,( )UB PL UB NL F NL av F PLP I R a b I R= = +   (24) 

where ,F NLR is the resistance of neutral cable under 

fundamental wave. 

In summary, the additional loss of the cable in the case of 

three-phase unbalance is: 
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Similarly, additional losses on transformers under 

three-phase unbalance: 
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As the fundamental loss and harmonic loss accord with the 

superposition, the cable and transformer losses are 

superimposed according to the fundamental loss and harmonic 

loss, which is: 
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where ,h PLR as well as ,h NLR , is the harmonic resistance on 

cable and neutral cable under combined harmonic and 

three-phase unbalanced disturbances. 
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where ,h TR  is the harmonic resistance of transformer under 

combined harmonic and three-phase unbalanced disturbances. 

3.2. Simulation Verification Analysis 

According to the model and calculation method proposed in 

this paper, firstly, the simulation verification is carried out on 

the condition of changing the three-phase unbalance degree 

based on the fixed injection harmonic current value. When the 

third and fifth harmonic currents in the distribution network 

remain unchanged at 2A, the additional losses of the cables 

and transformers are recorded according to Table 2 for 

changing the three-phase imbalance of loads. At the same time, 

according to the harmonic resistance calculation method 

proposed in this paper, the additional losses of cables and 

transformers under various conditions are calculated, and 

finally the results are compared and analyzed. The results are 

shown in Table 3, Figure 6 and Figure 7. In table 3, PT is the 

loss of the transformer of the simulated result and PL is the loss 

of the cable of the simulated result with different three-phase 

load distributions. ∆P is the total additional loss under 

combined power quality disturbances. 

Table 2. Three-phase load distribution. 

Three-phase load distribution Phase A load/kVA Phase B load /kVA Phase C load /kVA 

Three-phase equilibrium 20 20 20 

Case 1 

21 20 19 

22 20 18 

23 20 17 

Case 2 

19 19 22 

18 18 24 

17 17 26 

Case 3 

21 21 18 

22 22 16 

23 23 14 
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Figure 6. Additional loss of transformer under the disturbance of composite power quality changes with the distribution of three-phase load. 

 
Figure 7. Additional cable losses under combined power quality disturbances with different three-phase load distributions. 

Table 3. Distribution network loss analysis under different compound disturbances. 

A Phase imbalance B Phase imbalance C Phase imbalance PT /W PL /W ∆P /W 

0 0 0 5.052 26.501 31.553 

0.0251 0.0004 -0.0 255 6.110 35.831 41.942 

0.0500 0.0017 -0.0517 9.304 63.490 72.793 

0.0747 0.0037 -0.0786 14.683 109.974 124.656 

-0.0248 -0.0245 0.0493 8.064 53.021 61.086 

-0.0485 -0.0485 0.0966 16.550 128.160 144.710 

-0.0716 -0.0710 0.1430 29.825 245.945 275.770 

0.0263 0.0259 -0.0522 8.398 55.495 63.893 

0.0546 0.0546 -0.1080 19.248 148.155 167.403 

0.0856 0.0838 -0.1690 39.088 315.997 355.086 

 
According to Table 3, when the three-phase unbalance of 

the load is changed by keeping the harmonic current constant, 

the proposed method still has high accuracy. At the same time, 

it can be deduced that under the same conditions, the 
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additional loss of distribution network caused by case 2 and 

case 3 is greater than that caused by case 1, and this difference 

becomes more obvious with the increase of imbalance degree. 

Similarly, keeping the three-phase unbalance of load 

unchanged in three cases, changing the third harmonic and 

fifth harmonic current in distribution network in turn, 

recording the results and comparative analysis. The results are 

shown in Figures 8 and 9 below. 

 
Figure 8. Analysis of transformer additional loss with the change of harmonic current under combined disturbance. 

 
Figure 9. Analysis of cable additional loss with the change of harmonic current under combined disturbance. 

According to the above charts, it is verified that the 

proposed method has high reliability under various complex 

composite power quality disturbances. 

4. Conclusion 

Aiming at the problem that a large number of researches on 

power quality do not fully consider the influence of skin effect on 

harmonic resistance, we propose a new calculation method of 

harmonic resistance on the basis of fully considering the 

influence of skin effect, and verify the accuracy of this method 

under harmonic disturbance and composite disturbance. 

According to the research based on the method in this paper, we 

can conclude that the harmonic resistance calculation method 

considering skin effect is more accurate. So the skin effect can 

not be ignored when we want to calculate the harmonic resistance. 

At the same time, when the harmonic current changes linearly, 

the additional loss generated increases nonlinearly. Finally, the 

influence of composite disturbance on the additional loss of the 

system is studied. Compared with other cases, when one phase 

load is heavy, one phase load is light, and one phase load is the 

average of the others, the additional loss of the system is the least 

affected. The additional loss for the case with that two phase load 

are heavy and one phase load is light is the biggest one. In 

summary, the proposed method has practical value and is helpful 

to further expand the influence of composite power quality 

disturbance on distribution network loss. 
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